In this paper we define a new class of multivalued generalized contractions on cone metric spaces. Then, by using a necessary new technique, we prove two common fixed point theorems for a pair of those mappings on complete cone metric spaces over solid, not necessarily normal cone. Our main theorems are generalizations of the theorem of Wardowski (Appl. Math. Lett. 24:275-278, 2011) and many existing theorems in the literature. By using our main theorems, we can obtained some important corollaries which are generalizations of the well-known metric fixed point theorems to setting of cone metric spaces over a solid non-normal cone. MSC: 47H10; 54H25
Introduction and preliminaries
There exist many generalizations of the concept of metric spaces in the literature. Fixed point theory in abstract (cone) metric, or in K -metric spaces over a Banach space, was developed in the mid-s. Huang and Zhang [] reintroduced cone metric spaces and defined the convergence via interior points of the cone which determines an order on E. Although they considered and proved several fixed point theorems only in cone metric spaces over a normal cone, their approach enables the investigation of cone metric spaces over a cone which is not necessarily normal. It is well known that many fixed point results in the setting of cone metric spaces can be obtained from the corresponding results in metric spaces (see [-] ). The results in the setting of cone metric spaces are appropriate only if the underlying cone is not necessarily normal (see [] ). Definition . Let E be a topological vector space and P be a subset of E. The set P is called a cone if (P  ) P is closed, nonempty, and P = {θ }, where θ is the zero vector of E; (P  ) a, b ∈ R, a, b ≥ , x, y ∈ P ⇒ ax + by ∈ P; (P  ) P ∩ (-P) = {θ }. ©2014 Ðorić; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. http://www.fixedpointtheoryandapplications.com/content/2014/1/159 A cone P is called solid [] if int P = ∅, where int P is the interior of P.
Each cone P of E determines a partial order on E by x y if and only if y -x ∈ P for each x, y ∈ X. We write x ≺ y if x y but x = y, while x y will denote that y -x ∈ int P. This relation is compatible with the vector structure.
Definition . Let P be a cone in a real Banach space E. The cone P is called normal, if there exists a constant K >  such that, for all x, y ∈ E, θ x y implies x ≤ K y , or, equivalently, if x n y n z n and lim
The least positive number K satisfying the above inequality is called the normal constant of P.
The following example shows that there are non-normal cones.
with the norm f = f ∞ + f ∞ and consider the cone
and g = n + . Since for each K >  there exists n ∈ N such that n +  > K , we have g f , but g K f for any K > . Therefore, the cone P is non-normal.
Definition . ([, ]
) Let E be a Banach space and θ be the zero vector of E. Let P be a cone in E with int(P) = ∅ and let be a partial ordering with respect to P. A mapping d : X × X → E is called a cone metric on the nonempty set X if the following axioms are satisfied:
The pair (X, d), where X is a nonempty set and d is a cone metric, is called a cone metric space.
) is a cone metric space with the normal cone P, where the normal constant K = . In the following lemma we suppose that E is a Banach space, P is a cone in E with int(P) = ∅, without the assumption of normality of cone P. 
Banach space with a cone P and if a λa, where a ∈ P and  < λ < , then a = θ . (p  ) If c ∈ int P, θ a n and a n → θ , then there exists n  such that, for all n > n  , we have a n c.
In the situation with a nonnormal cone we have only one part of Lemmas  and  from [] . Also, in this case from x n → x and y n → y it need not follow that d(x n , y n ) → d(x, y), as well as from x n y n z n and lim n→∞ x n = lim n→∞ z n = x it need not follow that lim n→∞ y n = x.
, P ⊂ E and the norm · be as in Example .. Consider the sequences x n (t) = t n /n and y n (t) = /n. Then  x n ≺ y n and lim n→∞ y n = , but
Therefore, {x n } does not converge to , although  ≤ x n (t) < /n. Thus it follows by (.) that P is a non-normal cone.
The study of fixed points of multivalued mappings satisfying certain contractive conditions has many applications and studied by many researchers (see [-] ). An element x ∈ X is said to be a fixed point of a multivalued map T : 
(H  ) θ H(A, B) for all A, B ∈Ã and H(A, B) = θ if and only if A = B; (H  ) H(A, B) = H(B, A) for all A, B ∈Ã; (H  ) H(A, B) H(A, C) + H(C, B) for all
Example . Let (X, d) be a metric space and letÃ be a family of all nonempty, closed, bounded subsets of X. Then the mapping H :Ã ×Ã → R + given by the formula
which is called a Hausdorff metric induced by the metric d, is an H-cone metric induced by d.
Arshad and Ahmad [] extended the theorem of Wardowski
[] to a complete cone metric space without the assumption that a cone P is normal. They proved the following theorem.
Theorem . (Arshad and Ahmad []) Let (X, d) be a complete cone metric space. Let A be a collection of nonempty, closed, and bounded subsets of X and let H :Ã ×Ã → E be an H-cone metric induced by d. If for a map T : X →Ã there exists
then T has a fixed point. 
where H (A, B) for A, B ∈Ã is the Hausdorff metric (.) induced by metric d.
In the present paper we will introduce the concept of a generalized multivalued contraction on cone metric spaces and then, using a new technique of proof, we prove two common fixed point theorems for a pair of those multivalued mappings on cone metric spaces over solid non-normal cones. As a consequence, we also obtain some important corollaries which are generalizations of the well-known metric fixed point theorems. http://www.fixedpointtheoryandapplications.com/content/2014/1/159
Main results
Inspired by Definition . of Ćirić we shall introduce the notion of the cone generalized multivalued contraction.
Definition . Let
for each fixed v ∈ Ty and each fixed u ∈ Tx.
It is easy to show that the generalized multivalued contraction defined in Definition . is an example of the cone generalized multivalued contraction defined in Definition ..
Example . Let X = R and (X, d) be the usual metric space ordered by a usual ordering ≤. LetÃ be a family of all nonempty, closed, bounded subsets of X and H :Ã ×Ã → E be a Hausdorff metric. Suppose that a mapping T : X →Ã is a generalized multivalued contraction defined in Definition .. If we set E = R, θ = , P = {x ∈ E : x ≥ } = R + and for x, y ∈ E, we define x y if and only if x ≤ y, then (X, d) is a cone metric space over cone P and T : X →Ã is a cone generalized multivalued contraction.
Now we prove our main theorem.
Theorem . Let E be a Banach space, let P be a solid not necessarily normal cone of E and let (X, d) be a cone metric space over E. LetÃ be a family of nonempty, closed, and bounded subsets of X and let there exists an H-cone metric H :Ã ×Ã → E induced by d. Suppose that T, S : X →Ã are two cone multivalued mappings and suppose that there is λ ∈ (, ) such that, for all x, y ∈ X, at least one of the following conditions holds:
(C) H(Tx, Sy) λ · d(x, y); (C) H(Tx, Sy) λ · d(x, u) for each fixed u ∈ Tx; (C) H(Tx, Sy) λ · d(y, v) for each fixed v ∈ Sy; (C) H(Tx, Sy) λ · d(x,v)+d(y,u)  for each fixed v ∈ Sy, u ∈ Tx.
Then T and S have a common fixed point.
Proof Let x  ∈ X and x  ∈ Sx  be arbitrary. Consider the element H(Tx  , Sx  ) ∈ E. If each right hand side of (C), (C), (C), and (C) with x = x  and y = x  is θ in E, then d(x  , x  ) = θ and hence from the property (d  ) of the metric d it follows x  = x  . This and
Hence x  ∈ Tx  . Therefore, in this case x  is a common fixed point of S and T and proof is done.
Consider now the element H(Tx  , Sx  ) ∈ E in the case that, in the one of the inequalities (C), (C), (C) or (C) which holds, the right hand side is not θ . Let e ∈ P be a fixed element. Since λ > , we have θ ≺ λe. Thus we have H(Tx  , Sx  ) ≺ , where http://www.fixedpointtheoryandapplications.com/content/2014/1/159 = H(Tx  , Sx  ) + λe. Then from H(Tx  , Sx  ) ≺ and from the property (H  ) of the H-cone metric in Definition . we find, as x  ∈ Sx  , that there exists x  ∈ Tx  such that
Consider now the element H(Sx
Continuing this process we can construct a sequence {x n } in X such that x n+ ∈ Sx n , x n+ ∈ Tx n+ and
According to the inequality (.) and the inequalities (C), (C), (C), and (C) with x = x n+ and y = x n , we have to consider four cases.
for any u ∈ Tx n+ , then we can take u = x n+ ∈ Tx n+ . So, we obtain H(Tx n+ , Sx n ) λ · d(x n+ , x n+ ) and from (.) we get
for any v ∈ Sx n , then we may take v = x n+ ∈ Sx n and we obtain H(Tx n+ , Sx n ) λ · d(x n , x n+ ). Then from (.) we again have (.).
(
for any v ∈ Sx n and u ∈ Tx n+ , then we may take v = x n+ ∈ Sx n , u = x n+ ∈ Tx n+ . So we obtain
Then from (.) and by the triangle inequality we have
which implies that
Since λ < , we have /( -λ) < , and from (.) we obtain
It is easy see that from (.), (.), and (.) we get
Using similar arguments to (.) we can prove that
From (.) and (.) we conclude that
Using mathematical induction it is easy to prove that
By the triangle inequality and (.) for any m > n we have
Hence we get
where R n (λ) is the remainder of the convergent series
Let c ∈ E with θ c be arbitrary. From (.) and (p  ) in Lemma . it follows that we can choose a natural number n  such that
for all n ≥ n  . Thus, by (.), d(x n , x m ) c for all m > n ≥ n  . Therefore, by (ii) in Definition ., we conclude that {x n } is Cauchy sequence. Since X is complete, there exists z ∈ X such that lim n→∞ d(x n , z) = θ . Now we shall show that z is a common fixed point of T and S. According to (.) and the inequalities (C), (C), (C), and (C) with x = x n+ and y = z we have to consider four cases.
for any fixed u ∈ Tx n+ , then we can take u = x n+ ∈ Tx n+ . Thus from (.) we get
for any fixed v ∈ Sz, then we can take v = y n+ ∈ Sz. Thus from (.) and by the triangle inequality we get
for any v ∈ Sz and u ∈ Tx n+ , then we can take v = y n+ ∈ Sz and u = x n+ ∈ Tx n+ . Thus from (.) and by the triangle inequality we get
Since /( -λ) <  for λ ∈ (, ), we have
Thus, from (.), (.), (.), and (.) we have
By the triangle inequality and (.) we get
Since {x n } converges to z and since λ n+ →  and by (.) d(x n+ , x n+ ) → θ as n → ∞, the right hand side of the inequality (.) converges to θ as n → ∞. Therefore, from (p  ) in Lemma . and (.) we can choose a natural number n  such that d(z, y n+ ) c for all n ≥ n  , where c ∈ E with θ c is arbitrary. By (i) in Definition . we conclude that {y n } converges to z. Since y n+ ∈ Sz and Sz is closed, we get z ∈ Sz.
Analogously, we can get z ∈ Tz. So, we proved that z is a common fixed point of T and S.
If we take S = T in Theorem ., then we obtain the following fixed point theorem in complete non-normal cone metric spaces. 
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